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A continuous random variable X has moment generating function given by

M) = 5=

Find the mean and variance of X. [4]

A random sample of 12 drivers was taken. Each driver was asked to test-drive two different cars, A
and B, and to give each car a mark out of 10. The marks given by the drivers are shown in the table.

Driver 1 2 3 4 5 6 7 8 9 10 11 12

MarksforcarA| 9 5 8 8 7 7 6 7 5§ 9 8 7
Marksforcar B| S 9 6 S5 6 5 5 8 7 4 5 6

Use a sign test, at the 10% significance level, to test whether car A would be preferred by the majority
of drivers. [6]

The continuous random variable X has probability density function given by

kx O<x<a,

0 otherwise,

f(x) = {

where k is a constant and the value of the parameter a is unknown.
. 2
(i) Show thatk = —. [2]
a

The random variable U is defined by U = %X.

(ii) Show that U is an unbiased estimator of a. [3]
(iii) Find, in terms of a, the variance of U. [3]
A gambler has two six-sided dice. One of these dice is an unbiased die for which the probability of
a six is %. The other die is a biased die for which the probability of a six is % The gambler chooses
one of these dice at random and rolls it.

(i) Find the probability that this roll results in a six. [2]

(ii) Given that this roll of the die has resulted in a six, find the probability that it was the unbiased
die that was rolled. [3]

(iii) Given that this roll of the die has resulted in a six, find the probability that when the gambler
rolls the same die again a second six is obtained. [4]

2644/502




3

A University’s Department of Computing is interested in whether students who have passed A level
Mathematics perform better in Computing examinations that those who have not.

A random sample of 19 students was taken from those students who took a particular first year

Computing examination. This sample included 12 students who have passed A level Mathematics

and 7 students who have not. The marks gained in the Computing examination were as follows:
Students who have passed A level Mathematics: 27, 34, 39, 41, 45, 47, 55, 59, 66, 75, 78, 86.
Students who have not passed A level Mathematics: 17, 21, 28, 35, 37, 54, 64.

Use a suitable non-parametric test to determirie if there is evidence, at the 5% significance level, that

students who have passed A level Mathematics gain a higher average mark than students who have
not passed A level Mathematics. (A normal approximation may be used.) [10]

The joint probability distribution of the discrete random variables X and Y is given by

PX=xand Y=y)= x-;—82y for (x, y) = (-1, 2), (-1, 3), (0, 2), (0, 3).

(i) Copy and complete the joint probability distribution table given below. [1]
x
-1 0
2
y
3 .
(ii) Show that E(X) = —% and find Var(X). [3]

is gi — 4 _ 17
It is given that E(Y) = 73 and Var(Y) = 33;.
(iii) Find Cov(X, Y) and state, with a reason, whether X and Y are independent. [4]

(iv) Find Var(X + Y). 2]

[Question 7 is printed overleaf.]
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The random variable X has a geometric distribution with parameter p.

(i) Show that the probability generating function G,(7) of X is given by

pt

Gy = T = A —p)

(3]

1 1-
(ii) Hence show that E(X) = ; and that Var(X) = pzp . [5]

A child has 4 fair, six-sided dice, one white, one yellow, one blue and one red.

(iii) The child rolls the white die repeatedly until the die shows a six. The number of rolls up to
and including the roll on which the white die first shows a six is denoted by W. Write down an
expression for Gy, (2). [1]

(iv) The child then repeats this process with the yellow die, then with the blue die and then with the
red die. By finding an appropriate probability generating function, find the probability that the
total number of rolls of the four dice, up to and including the roll on which the red die first shows
a six, is exactly 24. [4]
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2 2
Since My(t) =1+ ut + %tz + -
let’s expand the MGF:

-3

—1+2t+1t2+
B 373
so

_2 2 _2
u—3and0 =3

This will be a paired sample sign test.

Hy: there is no preference of car

H;: car Ais preferred by the majority of drivers.
Signsare: + -+ ++++ - -+ + +

Under Hy, the number, X, of + signs is distributed B(12,%)

and P(X =9) =1-0.9270 = 0.073
so 9 is within the 10% tail and we conclude that there is significant evidence to suggest that
drivers generally prefer car A.

(i)
ka

0 a

1
Exaxka=1,so

(ii) 3 3
E(3) =3
32
Ef() x;x X
3 [x3]a
az|3 o
a

3. . .
So EX is an unbiased estimator for a

W vy =v (%x) _ zV(X)
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=Z Jox .;xdx—ga

(i)

N

1
X ==
3

N =

L,
x_
6

N =

P(6) =

(ii) (g : trivial or:)
P(biased and 6)

P(biased |6) = P(6)

N =
X
Wl =

‘H

w| D>

i) peee)

P(1stis 6)
1.1

N~

Hy: the two samples come from populations with identical distributions
H;: the population of students who passed A level Maths have a higher median mark

Putting all the marks in rank order:

17 (21|27 |28 |34 |35|37|39|41 45|47 |54 |55|59 |64 |66|75|78| 86

1 (/2 (3 (4 |5 |6 |7 |8 |9 1011|1213 (14|15 |16 |17 |18 |19

Y Y [ X |[Y [ X |Y |[Y | X [ X | X | X |]Y |[X |[X]Y [X |X |X |X

SumofYranks=47,andm(n+m+1) —47 =7 x 20 — 47 = 93.
We take the smaller, i.e. 47.
Qu. suggests using Normal approx. (although m, n should be greater than 10)

Mean=%><7><20=70
Variance= 1—12 X 7% 12 % 20 = 140

SoP(Nry < 47) ~ ® (4351"_30)
= ®(=1.9015..)
0.0286.

There is significant evidence that students with A level Maths score higher marks than others.



(i)

(ii)

(iii)

(iv)

X

-1

2 1
6

5

Wl = Ol N

[EnN

8

E(X 1 4+0 > 4

=-—-1X= X—=—=—=

X 9 9 9

V(X)) =( 1)2><4+0 ( 4)2—20
B 9 9/ 81

Cov(X,Y) = E(XY) — EQOE(Y)

_ le 3><5 (4)(47)
N 16 18 9/\18

162
X and Y cannot be independent otherwise Cov(X,Y) would be 0

VX +Y) =V(X) + V() + 2Cov(X,Y)
20 77 1 153

=817324 81 324

(ii)

6x(®) = ) g ptl
1

= SZ(qt)"

=BX qt
qg 1-qt
_ pt
1-t(1-p)
p
Gy(t) = ——
and
2pq
G” t ML
Vi p
E(X) = Gx(1) =75
and
V(X) = Gx (1) + Gx (1) — Gx(1)?
2g 1 1

2

+
p> p p?



(i) 1,

(iv) Defining variables in the obvious way, the number of rolls up to and including when the red
dieshowsa6isW +Y +B +R

Gw+y+B+r (L) = Gw () X Gy (t) X Gg(t) X Gg(t)

t* 5\ %
=a(1-39)

Required probability is the coefficient of the t2* term
The relevant term is

t*  (=4)(=5)(=6) ... (—23)( 5 )2"
— X ——=t

64 20! 6

and probability is

_ 21x22x23x5%

625
(or 0.0356)




